Shanghai Coherent Light Facility (SCLF) is a quasi-CW hard X-ray free electron laser user facility which is recently proposed. Due to the high repetition rate, high quality electron beams, it is straightforward to consider an X-ray free electron laser oscillator (XFELO) operation for SCLF. The main processes for XFELO design and optimization are proposed and major parameters required for the undulator, X-ray cavity and electron beam for XFELO operation are discussed. The first 3D X-ray crystal Bragg diffraction codes are built, which collaborates closely with GENESIS and OPC for numerical simulations of XFELO. Then performances of the expected fully coherent X-ray pulses are investigated and optimized by theoretical analysis and numerical simulation using new codes. The output pulse energy stability is studied analytically and the results are verified by simulation. Interestingly, the results display pulse energy oscillation in the low current mode XFELO, which is due to the "respiration" of pulse duration and the methods to reduce it in practice is proposed.
Introduction
With the wide applications of X-ray in physics, chemistry and biology researches, facilities which is able to generate X-ray are under development in the last century continuously. Free electron laser (FEL) is a novel light source which produces highbrightness X-ray pulse [1, 2] . Due to the characteristics of high intensity and ultra-short pulse duration, some X-ray FEL facilities have been completed or under construction around the world [3, 4, 5] . Almost all of them take the advantages of selfamplified spontaneous emission (SASE) scheme [6] , which starts from the electron beam shot noise and has poorly temporal coherence. For pursuing fully coherent X-ray pulse, Linac Coherent Light Source (LCLS) employs self-seeding method [7, 8] , which improved the longitudinal coherence by a factor of 50, nevertheless, the large jitters (around 50% r.m.s * Corresponding author Email address: denghaixiao@sinap.ac.cn (Haixiao Deng ) fluctuation) from pulse to pulse obstacle further optimum of the facilities.
An alternative promising approach to obtain narrow bandwidth fully coherent stable FEL pulses is by X-ray free electron laser oscillator (XFELO) [9, 10] . Using the relativistic electron beam as gain medium to magnify the light pulse in an optical resonator is proposed conceptually and demonstrated experimentally decades ago in long wavelength region, such as infrared and ultraviolet light regions [11, 12, 13] , but no XFELO experiment has been conducted due to the shortage of high X-ray reflectivity mirrors. However, the X-ray high-reflectivity diamond crystal experiment was first demonstrated in 2010 [14] , which paved the way for real construction of XFELO. Taking the advantage of the crystal Bragg reflection, the XFELO scheme has been reconsidered and some practical technical problems has been studied [15, 16] .
Stimulated by the successful operation of worldwide X-ray FEL facilities and the great breakthroughs in observation and control of very fast phenomena at the atomic time scale [17] , the first hard X-ray FEL light source in China named Shanghai Coherent Light Facility (SCLF) is under designing. SCLF plans to utilize photocathode electron gun combines with the superconducting linac to produce 1 MHz repetition rate, 8 GeV relativistic electron beams. SCLF is capable of accommodating six radiation lines, and three of them will be constructed in the first phase project. After going through a beam switch yard, electron bunches are separated to three radiation lines of different wavelength which covers the photon energy of 0.4-25 keV. The radiation line, that generates typically 0.1 nm X-ray, holds great potential for XFELO test facility and the layout is shown in Fig. 1 . The optical cavity is nearly 150 m, which ensures the light pulse meets an electron beam after being reflected back by the upstream crystal mirror. Then they overlap and interact with each other inside the undulators. The light pulse power increases continuously until it hit the downstream mirror and part of the energy transmits out of the resonator and be transported to the light beam line. The upstream crystal is thicker than the downstream one, so that most X-ray pulse energy is coupled out to the subsequent optical beam line, and the total reflectivity is assumed to be R. In order to maintain the growth of light pulse power trapped inside the cavity, undulators should be long enough to ensure that single pass gain G overcomes the round trip loss. According to [18] , the single pass gain stays as a constant at first, and decreases gradually due to the over modulation of electron beam when the XFELO reaches saturation. Thus the initial spontaneous radiation acts as a seed and grows exponentially until approaches to equilibrium when the round trip net loss equals to the single pass gain. The light pulse power P n at the entrance of undulators for the n-th pass is
The main parameters of SCLF conceptual design is presented in Table. 1. The high repetition rate electron beam is allocated to different radiation lines by the combination of kicker and septum. The total bunch charge is tunable and ranges from 10 pC to 300 pC, and the peak current is able to achieve several kA by chicane compressor. Due to the quasi-CW electron bunches, the SCLF is suitable for XFELO operation. However, this facility is originally planned to mainly works in SASE scheme with self-seeding mode, and the undulators parameters have determined to be 26 mm periods In the next section, the processes and major concerns about XFELO design are discussed; Then a three dimension Bragg diffraction codes are built in Section 3 and prepared for latter numerical simulations. The conceptual design and optimization of XFELO for the high peak current mode and low peak current mode are studied in Section 4 and Section 5 respectively. Section 6 investigates the stability of XFELO output energy, finally, a brief summary is presented in Section 7.
XFELO design
The design process of XFELO mainly contains two parts: the transverse and longitudinal profile optimization. On the one hand, the electron beam transverse size is shaped by FODO (focusing-driftdefocusing-drift) lattice and the optical transverse profile is determined by the cavity configuration. The goal is to improve the coupling factor of electron bunch and light pulse in order to improve single pass gain. On the other hand, the longitudi-nal optimization concerns the required undulator length for sufficient gain and the crystal mirror reflectivity for maximize the output pulse energy. The following subsections discuss the main processes for designing and optimization of XFELO. For illustration, the 0.5 kA peak current mode and its corresponding parameters are utilized in calculations.
Undulator lattice matching
For high energy electron beam, the transverse focusing from planar undulator are trivial [19, 20] , thus the external FODO structure is necessary. The quadrupole devices is inserted in the nearly 1 m drift space between two undulator modules and the Twiss parameters of electron beam is matched to let the beta function evolves periodically. For a given bunch charge, the smaller transverse beam size is, the higher peak current as well as single pass gain will be [21, 22, 23] . In addition, small beam radius is also good for preserving the X-ray fundamental transverse mode [24] .
The lattice is matched by matrix method [25] , and the electron beam transverse beta function varies at different position of FODO is shown in Fig. 2 . The electron beam size various along the undulator lattice, and its maximum and minimum radius changes with different quadrupole intensity. The drift space between two modules of undulators is nearly 1 m and quadrupole length is assumed to be 20.8 cm. When the focusing strength is small, the electron beam size is big with small variation; as the quadrupole intensity increases, the average beam size drops gradually, however, the instantaneous beam radius oscillates more dramatically; when the focusing strength is too strong, there is no periodical solutions for the beam dynamic functions, thus the beam size expands rapidly and the beam gets lost. For pursuing the maximum gain, we chose the quadrupole magnet magnitude to be 20 T/m to get the smallest average beam size with relatively low fluctuation ranging from 15 µm to 25 µm.
Optical cavity design
As aforementioned, the resonator is a typical twomirror symmetry cavity with L = 150 m length. According to [26] , X-ray focusing elements are required for the stability of optical cavity. In this conceptual design, however, we assume that the crystal mirror is concave with a curvature radius r, which fulfills the stable condition [27] (
Different from the high-gain FEL light source whose transverse mode is determined by electron beam size. The XFELO transverse mode is depend on the configurations of resonator. For the symmetry spherical-mirror cavity, the fundamental mode is Gaussian mode with beam waist [27] 
where λ is the X-ray wavelength. For the benefit of overlap between electron bunch and light pulse, Gaussian mode beam waist is optimized to be matched with electron beam average radius. Thus, according to Eq. (3), the optical cavity mirror curvature radius is nearly 80 m, and it meets the stable condition in Eq. (2).
Undulator length
For FEL oscillator, which takes the advantage of low gain FEL, the undulator length is a trade-off between high light power and sufficient single pass gain [20] . On the one hand, the output peak power and pulse energy are inversely proportional to the number of undulator periods refer to [28] . On the other hand, the undulator should be sufficient long to ensure the light power get positive net round trip gain. In conclusion, the undulator is chosen to be as short as possible so long as providing enough gain. Fig . 3 demonstrates the single pass gain as a function of δγ, which is the departure of electron beam scaled energy form resonant. The gain curve varies as the deviation increases, and it acts as the sine function which is negative at low energy, while becomes positive at high energy. Note that for different undulator sections, the maximum gain achieved at different magnitude of energy deviation, and it approaches resonate energy as the undulator section enhances. Considering the cavity passive loss (∼1%), the crystal bandwidth stop and absorption (∼5%) and cavity output coupling (∼10%), the optimized undulator length is two sections.
Crystal mirror
XFELO employs crystal Bragg reflection, which enables high reflectivity at a narrow bandwidth. According to [29] , the response function is depends on crystal thickness, X-ray incident angle, and excitation length. Assuming that the reflection is Bragg symmetry diffraction, and the thickness of crystal is much larger than excitation length. In this way, the effect of mirror are mainly bandwidth stop and the response function in frequency region can be approximated by a rectangular function with 25 meV bandwidth. The light power outsides this window would be cut out and got lost. In practice, the output pulse bandwidth is determined by crystal mirrors and it should be adjusted refer to particular experiment requirements.
The cavity output coupling is optimized to generate highest X-ray pulse energy. Fig. 4 shows a typical XFELO gain as a function of light pulse peak power inside the cavity. When peak power is low, the single pass gain remains constant, and as the light power increases, X-ray modulates electron bunch inside the undulator heavily, thus the energy spread enhances and gain drops gradually. When it equals to the round trip cavity net loss, the net gain is zero, which means XFELO reaches saturation and the output pulse remains steady.
The peak power inside the cavity is calculated by interpolation, like in Fig. 4 , and the output power is got by multiplying mirror transmissivity. Fig. 5 represents the output X-ray peak power as a function of mirror reflectivity, in which the cavity round trip net passive loss, including diffraction loss and crystal absorption, is assumed to be 3%. On the one hand, for the low reflectivity cavity, due to large amount of pulse energy leak out the optical cavity, hardly can the peak power grow up, thus the relatively small output peak power; On the other hand, when the reflectivity is too high to let the light power coupling out efficiently, the generated power is also low. The optimum reflectivity is nearly 90% which generates slightly more than 1 GW output peak power.
Three dimension effect of Bragg diffraction
The FEL oscillator simulations are normally carried out by combination of 3D FEL codes GENESIS [30] and optical propagation code (OPC) [31] . As demonstrated in [32, 33] , these codes are efficient on long wavelength FEL oscillator simulations like ultraviolet or infrared light. However, for XFELO, which includes the interaction between X-ray pulse and crystal, some extensions of classical methods are needed. The Bragg diffraction is traditionally calculated in one or two dimensions [29, 34] , and the 3D radiation field is usually transformed into one dimension for crystal reflection simulation and then transformed back to 3D. In this way, the whole 3D simulation is interrupted and spoiled by ignoring some important 3D effects including wave-front, that is essential for optical cavity analysis. The defects are not obvious when cavity configuration is elementary, but for more advanced and delicate resonators [26] , the self-consistent XFELO simulations including 3D effects are preferred [7] . According to [29] , Bragg diffraction of X-ray pulse was studied by taking Fourier transform, which decomposes the light pulse into a bunch of monochromatic planear components, and the interaction for each of them with crystal is solved analytically. This approach is available for 3D simulation with little adjustments: the spatiotemporal radiation distribution function f (x, y, z) undergoes Fourier transformation, then the corresponding Bragg reflection spectral response functions S are multiplied by each monochromatic planar wave, then the inverse Fourier transform is unitized to obtain the diffraction wave. In general, the diffraction pulse also represents a spatial transverse shift due to the radiation divergence, however, we will focusing on the longitudinal evolution of X-ray pulse and assume for simplicity that the spatial shift of Bragg reflection signal is small and can be neglected. Thus the response function in the frequency domain is only a function of k z and is identity for different components of monochromatic planar wave. So the diffraction X-ray is
where the subscript denotes different components.
The formula in the second line reveals that Bragg diffraction wave is derived by calculating each "subwave" at different transverse position separately. The first 3D Bragg diffraction codes which is tailored for FEL oscillator simulation are written, and the simulation results are checked with classical one. For instance, Fig. 6 shows the results of 1000 A high peak current mode XFELO simulation for SCLF, good agreement implies the validation of the novel 3D codes. Details of the three dimensional evolution of radiation field is presented in Fig. 7 . Note that the analytical Bragg diffraction frequency response function S(k z ) is available in [29] , in this paper however, we assume it is a step function with width equals to Bragg reflection bandwidth. For low current mode, however, the 3D Bragg diffraction effects are indispensable, due to the much longer undulator implemented, the drift space shrinks and the optical cavity is more sensitive. The conventional method undermines the resonator stable conditions and prevent the X-ray power from growing. Thus the 3D simulation is essential for low current XFELO simulation. Note that the applications of this new approach is not limited for XFELO, it is useful for simulations of all X-ray Bragg diffraction such as hard X-ray selfseeding FEL.
High current mode XFELO
The aforementioned analysis is utilized for the real design of XFELO in SCLF. Candidate parameters are first calculated by a fast FEL oscillator code refer to [16] , whose theoretical analysis gives out approximately results rapidly, and then the optimized parameters are simulated by GENESIS, OPC and the 3D Bragg reflection code. For 500, 1000, 1500 A high current modes, two undulators sections are employed, and cavity mirror reflectivity is 90% for the downstream and 99% for the upstream. The crystal Bragg reflection bandwidth is 25 meV. The output energy as a function of round trip pass is demonstrated in Fig. 8 (a) . As expected, the power grows exponentially before saturation, and finally reaches a very stable X-ray output. The 1000 A XFELO generates largest pulse energy, which is followed by 1500 A, the 500 A XFELO produces the least X-ray energy. This is due to that high peak current leads to short bunch duration, which broadens the corresponding spectrum bandwidth. The parts of power beyond crystal reflection bandwidth would get lost. Thus, the higher peak current is, the larger single pass gain is, yet more power is cut off during the interaction with mirrors. These two opposite impacts competes with each other, thus the medium 1000 A XFELO generates the maximum X-ray energy. The normal peak current for SCLS is 1500 A with 100 pC charge, the results demonstrate that XFELO is able to operation with lower peak current. Fig. 8 (b) and (c) show the power and spectrum of different peak current XFELO. The spectrum bandwidth, for all of them, equals to nearly 23 meV (FWHM), which is determined by the crystal Bragg reflection bandwidth. The temporal duration is around 0.17 ps, which gives a 0.96 time-bandwidth product, about twice the value of the Fourier transform limit (0.44) for a Gaussian pulse profile. Further analysis reveals that it is due to the quadratic function distribution of radiation phase.
In addition, with same configurations of electron beams and undulators, the SASE generates 111 µJ X-ray pulse with peak brilliance 3.4 × 10 32 (photons/s/mm 2 /mrad 2 /0.1%BW ), while XFELO produces nearly 355 µJ X-ray with peak brilliance 2.5 × 10
35 (photons/s/mm 2 /mrad 2 /0.1%BW ), which is three orders of magnitude higher than SASE.
Low current mode XFELO
Using the methods mentioned before, we investigate the XFELO performance at 10, 20, 30 A peak current. To obtain enough single pass gain, the corresponding undulator sections demanded are 10, 8, 6. The optimum mirror reflectivity is nearly 93% for downstream and 99% for upstream, and the crystal Bragg bandwidth is assumed to be 20 meV. Fig. 9 (a) shows the output light pulse energy evolves pass-by-pass of different peak current. It demonstrates that the power increases exponentially before saturation, and the final output pulse energy is nearly 6 µJ. Note that the pulse energy of 30 A XFELO fluctuates more violently than 10 A. This might due to that the optimum stable output coupling for different peak current is different, and for the high current, the mirror transmissivity ought to be a little larger. For instance, when the output coupling changes to 12%, the 30 A XFELO is as stable as 10 A.
For the low current mode, the electron beam in SCLF comes from the preceding super conduction Linac is 20 pC, which means the corresponding electron bunch length (FWHM) for different peak current are 2, 1, 0.67 ps, respectively. The output light pulse power profiles and spectrum are shown in Fig. 9 (b) and (c) . The pulse duration reduces as the peak current increases, the spectrum, however, does not change much, which indicates that the output X-ray is not at the Fourier transform limit. Due to relatively long electron beam, several longitudinal modes could survive as in the 10 A XFELO, for the shorter electron bunch like in the 30 A case, only one mode appeases in the final output pulse, which means better longitudinal coherence. The output light pulse duration is nearly the same as the corresponding electron bunches length, while the spectrum bandwidth is about 12.5 meV, with peak brilliance nearly 3 × 10 33 (photons/s/mm 2 /mrad 2 /0.1%BW ).
Output energy stable analysis
For a user facility like SCLF, the stability of output X-ray is quite important. And as the results in the previous section illustrate that output pulse energy fluctuates pass-by-pass after XFELO saturation. Light power evolution Eq. (1) implies that the peak power remains constant only when (1 + G) × R = 1, which requires the single pass gain to be invariant in the saturation region. However, due to the electron beam energy various bunch-bybunch, the gain is not a constant in practice. In addition, single pass gain is no longer independent of light power at saturation regime, instead, according to Fig. 3 , we assume it is linear proportional to the logarithm of light power inside the resonator:
where P is the radiation power, G s and P s are the gain and peak power in the saturation regime, G r is the random fluctuation of single pass gain due to the deviation of electron beam energy and other errors in real machine. k is a coefficient
feed these into Eq.
(1) and assume that the peak power changes slowly after saturation, by taking into account the condition (1 + G s ) × R = 1, the power evolution satisfies
where N is the round trip pass number after initial saturation. The solution is which reveals that if the single pass gain deviates from equilibrium at some time, light power would change exponentially to a new equilibrium, the round trip takes for restoration is depends on coefficient k and reflectivity R, and the effect of random fluctuation of single pass gain G r is scaled by k, which means the larger k is, the more resistance to random gain deviations the XFELO output would be. In practice, the k depends on saturation power refer to Eq. (5), and can be easily adjusted by changing crystal mirror reflection R. For example, Fig. 10(a) demonstrates that with decreasing mirror reflectivity, the output coupling efficiency increases, and cavity saturation light power drops, according to Fig. 3 , k increases, thus the final generate pule energy becomes more stable. In addition, the oscillation movement demonstrated in Fig. 10(b) , is due to the "respiration" of X-ray pulse length. This phenomenon origins from: the single pass gain is proportion to beam current, thus the pulse overlaps with the peak current obtain the most energy and grows faster than the other parts of X-ray in the exponential growth region, which leads to a narrow peak power at the central of light pulse. However, the maximum power part gets to saturation earlier and the surrounding parts catch up, the pulse duration begin increasing and the reducing of Bragg reflection loss, which leads to the growth of pulse energy. As the power increasing, the single pass gain decreases according to Fig. 3 and the pulse energy drops. Thus the oscillation of pulse energy and other parameters [35] . The disappearance of pulse duration "respiration" in the high current mode XFELO is due to the relatively large k, which mitigates the influence of gain fluctuation.
Conclusion
A systematical process for designing and optimization of XFELO is proposed. On the one hand, for optimization of transverse beam size, FODO lattice is used for electron beam average radius suppression; while the spherical crystal mirrors are employed to preserve a stable Gaussian mode, whose beam waist matches to the transverse size of electron bunch. On the other hand, suitable mirror reflectivity is chosen to couple out X-ray successfully, and to feedback enough power to ensure the cavity pulse energy grows up. Undulator is required to be sufficient long to let single pass gain compensates the reflection loss.
SCLF is designed to be the first hard X-ray FEL facility in China. The quasi-CW high quality electron beam is appropriate for XFELO test facility operation. Examples of XFELO based on SCLF is studied with high current mode (∼ 1 kA) and low current mode (∼ 10 A) by the methods proposed. We developed a novel simple three dimension Bragg diffraction codes, and 3D self-consistent numerical simulations are carried out by the combination of GENESIS, OPC and the new codes. The agreements with conventional one dimension calculations prove the design approaches to be feasible and efficient. According to our results, SCLF XFELO is able to generate 355 µJ, 2.3 GW fully coherent stable X-ray with 1 kA electron beam peak current; and nearly 6 µJ, several MW X-ray with a few dozens of A peak current. The peak brilliance of high current mode XFELO is nearly 3 orders of magnitude larger than SASE. A brief analysis of XFELO stability is first conducted and applied for optimization of 30 A XFELO. It is worth to note that the design process is suitable for other FEL machines, and the results is useful for construction of XFELO in SCLF as well as the facilities around the world. In addition, the parameters are useful for the investigation of other advanced proposals based on XFELO, such as cascaded single-pass XFELO [28] . The following work would be to considering practical technical problems like the crystal thermal loading tolerance of X-ray interaction.
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